Yamabe flow, conformal gravity and spacetime foam 
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It is shown that 3D part of a sphericaUy symmetric solution in conformal Weyl gravity interacting 
with Maxwell electrodynamics is a Yamabe flow as well. The Yamabe flow describes the transition 
from a horn of an initial wormhole to a 3D Euclidean space both flUed with a radial electric field. 
It is supposed that such transition may describe appearing/disappearing quantum wormholes in a 
spacetime foam. 
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I. INTRODUCTION 



In differential geometry, the Ricci flow is an intrinsic geometric flow: a process which deforms the metric of a 
Riemannian manifold. Ricci flow is an analog of the heat equation for geometry, a diffusive process acting on the 
metric of a Riemannian manifold, in a manner formally analogous to the diffusion of heat, thereby smoothing out 
irregularities in the metric. The Ricci flows wese introduced by Hamilton [l| over 25 years ago. It plays an important 
^ role in the proof of the Poincare conjecture Obviously, one could introduce many different flows. In this paper we 

work with a Yamabe flow. The physical application of Ricci flow can be found in Ref's 3-0- 
5—1 In 1918 Hermann Weyl proposed 0] a new kind of geometry and a unified theory of gravitation and electromagnetism 

I based on it. Fourth order metric theories of gravitation have been discussed from 1918 up to now. One original 

motivation was the scale invariance of the action, a property which does not hold in general relativity. Another 
■ motivation was the search for a unification of gravity with electromagnetism, which is only partially achieved with 
[ the Einstein-Maxwell system. In 1966 a renewed interest in these theories arose in connection with a semiclassical 
. description of quantur n g ravity [9|-(ll|. The fact that fourth order gravity is one-loop renormalizable in contrast to 
' general relativity was [ij] initiated a boom of research. Also the superstring theory gives in the field theoretical limit 
, a curvature-squared contribution to the action [l^ [TJ] . In Ref. [g] Rudolf Bach realized the possibility to have the 
• ' conformal invariance in a purely metrical theory. The history of fourth order metric theories of gravitation can be 
' found in Ref. 

' Spacetime foam is a concept in quantum gravity, devised by John Wheeler in 1955 [l5j. It is postulated that the 
I spacetime foam is a cloud of quantum wormholes with a typical linear size of the Planck length 16]. Schematically 
• • . in some rough approximation wc can imagine the appearing/disappearing of quantum wormholes as emergence, 
growth and meshing of two horns into a wormhole with a subsequent rupture of the quantum wormhole. For the 
macroscopic observer these quantum fluctuations are smoothed and we have an ordinary smooth manifold with the 
;_3 ' metric submitting to Einstein equations. The spacetime foam is a qualitative description of the turbulence that the 
9^ I phenomenon creates at extremely small distances of the order of the Planck length. The appearance/disappearing 
of these quantum wormholes leads to the change of spacetime topology. This fact give rise to big difficulties at the 
description of the spacetime foam as by the topology changes of a space (according to Morse theory) the critical points 
must exist where the time direction is not defined. In each such point should be a singularity which is an obstacle for 
the mathematical description of the spacetime foam. 

In this Letter we show that there exists a connection between above mentioned fields of mathematics and physics. 
We show that the 3D part of a spherically symmetric solution in a conformal gravity + Maxwell electrodynamics is 
simultaneously a Yamabe flow and describes the transition from one horn of a wormhole to a flat space filled with a 
radial electric field. 
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II. YAMABE FLOW AND SPHERICALLY SYMMETRIC SOLUTION IN CONFORMAL GRAVITY 

The Yamabe flow is defined by the equation [13] 

drgtj = -Rgtj (1) 

where gij,i,j = 1,2,3 is a metric, i? is a 3D scalar curvature. Under this flow, the conformal class of a metric does 
not change. 

The lagrangian for the conformal Weyl gravity interacting with the U(l) gauge field is: 

C - -C^.p.C^''''" - Jtr {F^,F^^n , (2) 

here C^^pa is the conformally invariant Weyl tensor, F^i, is the tensor of field strength for the electromagnetic potential, 
11,1^ = 0, 1, 2, 3. The Bach equations for Lagrangian ^ are: 

— ^^7)11/1 (3) 

where 

B^, = B^}+B^^l (4) 

B^^} = -Di?^, + 2i?^ - ^i?;^, + ig^.M, (5) 
2 11 

and Tf^i, is the energy-momentum tensor for the electromagnetic field. 

In Ref. [i3 the static, spherically symmetric solution for the Bach-Maxwell equations is given: 

ds^ = (- + br + c+-]dt^ — ^-rW, (7) 

\ao rj + + 

with an electromagnetic one-form potential: 

A.dx' = At{r)dt, (8) 

where ao, &,_£, d and q are some constants with the following relation ^ where q is the electric charge and the parameter 
/3 used in is related to our conventions via /3k = 4: 

3 

3M - -M + -q^K = (9) 
8 

If6 = c = d = 0we have the following solution: 



ds^ = _ ^dr' -dn']. (10) 



We can introduce new dimensionless coordinates t' = t/ao and x = ^Ja^jr then: 

2 _ «o / ,,2 ,2 ,r.2 



with a; G (—00, +00) and we rename t' t. This metric is conformally equivalent to 

ds^ = dt^ - dx^ - dn^ (12) 

which represents the cartesian product of a flat and a non-flat 2-space of constant curvature. This solution is a tube 
filled by an electric fleld — Ftx — q, Fte — Ft^ — 0. 
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III. YAMABE TRANSITION FROM A WORMHOLE TO A FLAT SPACE 



For the description of transition from a wormhole to a flat space we wifl use the 3D part of the metric 

ds^ = e2"(-^-) {dt^ - dx" ~ dn") (13) 



which is conformally equivalent to the metric (|12p and r is a Yamabe parameter controlhng the Yamabe flow in Eq. 
([!]). Thus we use spacehke metric 



dP = e2"(-'^) {dx^ + dn") . 
The substitution this metric into Yamabe equation ([1]) gives us 

a = [2a" + a'' - l) 

here d = drOi and a' ~ dxOi. At first we wiU search Yamabe soHtons. 



(14) 



(15) 



A. ai,2 Yamabe solitons 

Analogously to Ricci solitons the Yamabe solitons satisfy the condition d = 0. The equation 

2a" + a'^ - 1 = 

has two solutions 

ai{x) — X, 
0^2(2^) ~ In 4cosh^ 

At first we show that the first Yamabe soliton ([T7|l describes a fiat space. The metric is 

df = e^^ {dx^ + dVi^) . 
Let us introduce a new coordinate r = then the metric (|19p is 

dl^ = dr^ + r^dn^ 

which is the metric of the 3D Euclidean space (ai-flat Yamabe soliton). The electric field is E,. 
Now we consider the second Yamabe solition (flSl). The metric is 



df 



4 cosh' 



(Dff"^ 



dvi^ 



Let us introduce a new coordinate dr — 4cosh^ (|)(ia;, r = 2(a; + sinhx) then the metric (PT|) is 

dl^ = dr^ + a{r)dn'^ 

where a(r) is an even function and defined parametrically as follows 



a{x) 



4 cosh^ 



(f) 



r{x) — 2(x + sinha;), 



(16) 

(17) 
(18) 

(19) 
(20) 



(21) 

(22) 

(23) 
(24) 



Asymptotically we have air) 



It means that the second Yamabe soliton (a2-wormhole Yamabe soliton) describes 



an asymptotically fiat wormhole. The electric field is E., 



— 2_ 



/a(r) 



Thus the Riegert solution (fT3|) describes both asymptotically fiat wormhole and fiat 3D space. In the next section 
we will show that there exists a Yamabe fiow describing transition from nonasymptotically flat wormhole to Euclidean 
space and simultaneously the flow is the Riegert solution. 
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B. Yamabe transition 



In this subsection we would like to present a numerical solution of Yamabe flow equation ([15)) . We use the following 
initial and boundary conditions (I26p (ITTI) for the numerical solution of Yamabe equation (fT5|) 



dx 



a{x, T = 0) 
a{x — xq, t) 
a{x, t) 



X, 

tanha; 



if a; > 
if a; < 



1 



cosh xi 



The initial condition (j25[) is chosen in such a way that a{x > 0,t — 0) — ai{x) and boundary conditions ((26l 
are adjusted with the initial condition ([25]) . The result of the numerical calculation is presented in Fig. [T] 



(25) 
(26) 
(27) 




FIG. 1: The profiles of the function a{x,T) for different r. 0:1(2;) is the flat Yamabe soliton. 1 - is the initial state; 2,3,4 are 
the functions a{x,T) for r = 0.09 x to, 0.15 x to, to correspondingly. 



The initial condition ([^5]) describes one horn of a wormhole: for a; > the metric (ITi)) is flat space but for a: < the 
metric describes a tube (horn). The result of numerical calculations shows that r - evolution of the initial condition 
is following: from the horn of initial wormhole (curve - 1 in Fig. [1]) to the ai{x) - Yamabe soliton. Fig. [2] displays a 
T evolution of the horn of initial wormhole to a flnal state (3D flat space). 



IV. DISCUSSION AND CONCLUSIONS 



We have found that 3D part of the Riegert solution in Weyl conformal gravity interacting with Maxwell electrody- 
namics is simultaneously the Yamabe flow. The properties of such flow are following: 

• The flow describes the disappearance of the horn of initial wormhole. 

• For each r < 00 (auxiliary states) the length of the horn (the space with a; < 0) is inflnite: Ixei-oo.o] = 

• For r = 00 (flnal state) lxei~oc.o] < 00. 

• The corresponding 4D spacetimes are not asymptotically flat as (?tt(|a;| 00) 7^ 1. 

The consideration presented here allows us to say that the transition considered here may describe a quantum wormhole 
(handle) in a hypothesized spacetime foam. Also it can be considered as a indirect evidence that the Einstein gravity 
on the Planck level change to the conformal Weyl gravity. In this case the conformal Weyl gravity gives us the 
opportunity to avoid problems in Einstein gravity connected with a fundamental (Planck) length. 



FIG. 2: Schematical r evolution of an initial horn to a final state. A - the position of the same point with increasing r. 
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